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ABSTRACT

We prove that the algebra of multiple harmonic sums is iso-
morphic to a shuffle algebra. So the multiple harmonic sums
{Hs}, indexed by the compositions s = (s1,- -, sr), are R-
linearly independent as real functions defined over N. We
deduce then the algorithm to obtain the asymptotic expan-
sion of multiple harmonic sums.

Categories and Subject Descriptors

G.2.1 [Discrete Mathematics]: Combinatorics—combi-
natorial algorithms, generating functions

General Terms
Algorithms, Languages
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1. INTRODUCTION

Let Nso be the set of positive integers. The harmonic
sums

Hs(N) :Zni

n=1

(56N>0,N6N>0) (1)

can be generalized to any composition s of length r > 0, i.e.
a sequence of positive integers s = (s1,...,s,) by putting

Z S1 .%.n,«sr (2)

n1
N>ni>-->np>0

Hs(N) =
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with the convention Hs(/N) = 1 when s is the empty com-
position.

It can be proved that the limit

¢(s) = lim Hg(N) (3)
N — oo
exists if and only if the composition s is empty or if s1 # 1.
In this case, we will say that s is a convergent composi-
tion. The values ((s) are called ”"Multiple Zeta Values”
(MZV). Harmonic sums and MZV arise in high-energy par-
ticule physics [3] and in analysis of algorithms [5].

We consider the R-vector space Hr generated by the Hg,
seen as functions from N to R. The theory of quasi-
symmetric functions shows that the {Hs(IV)}s satisfy shuffle
relations. In particular, the product of two harmonic func-
tions is a sum of harmonic functions : for all a,b € N5, we
have

Ho(N) - Hy(N) = Hap (V) + Ho,a (N) + Hagp(N). (4)

So, the vector-space Hr is closed under product. The main
result of this article is to prove that in Hg, the functions
{Hs}s are linearly independent. As a consequence, Hr
appears to be isomorphic to some shuffle algebra noted
(R(Y), w ). The structure of this algebra is well known
and Hoffman showed that it is freely generated by Lyndon
words on the alphabet Y.

Let H% be the R-algebra generated by the functions Hg
when s describes the set of all convergent compositions. We
show that

Hr ~ H]%[Hl] (5)

i.e. that any harmonic function can be decomposed uniquely
in a univariate polynomial, on the sums Hy (N) = 3" n=t.

This decomposition is obtained thanks to a variant of
Taylor expansion for univariate polynomials, by defining a
derivation D in the shuffle algebra (R(Y), ) ) In fact,
this decomposition provides an asymptotic expansion, up to
order 0, of Hs(N) as N — co. We can then deduce an as-
ymptotic expansion, up to any order, by using the second
form of the Euler-Mac Laurin summation formula.

Our result of linear independance of the functions Hg lies
on the C-linear independance of the polylogarithm functions



(z is a complex number so that |z| < 1)

ni

ny 1
ni>-->n;>0

Lis(z) =

first proved in [9], then resumed in [13, 14]. In this article,
harmonic functions are seen as Taylor coefficients

1
1—z

Lis(z) = Y He(N)z". (7)
N=0

By using the combinatorics developed by M. Bigotte in [2],
it is possible to consider a similar generalization for the har-
monic sums related to coloured MZV

n1 ny
€156y E : &t 8
g(slv-wsl) m>m>nl>0n131 Loaomgst] ®

where &1, ...,& are roots of unity.

2. BACKGROUND
2.1 How to shuffle?

We consider the non commutative alphabet Y = {y, |
n € N>o}. As usual, the set of all words over Y is denoted
Y™ and the empty word is denoted e. The length of the
word w is denoted |w| and the word w resulting from the
concatenation of two words v and v is the word w = wv.

Let R be a commutative ring containing Q. A polynomial
p € R(Y) is a linear combination of words, with coefficients
in R. The coefficient of the word w in polynomial p is noted
(p|w) and therefore

p= > (plww,

weY'*

(plw) € R. 9)

The concatenation product for words is extended to polyno-
mials by linearity.

The shuffle product of two words v = y;u’ and v = y;v’
in Y* is recursively defined by € w1 w = w, for all w € Y™
and

wwv =y (v wo) +y;(uw o) 4y (e wo’),  (10)

with 4,7 € Nsg and v/,v" € Y™*.

This product is also extended to R(Y’) by linearity. Pro-
vided with this shuffle product, R(Y") becomes an associative
and commutative R-algebra noted (R(Y), ).

We can totally order Y by putting y; < y; if i > j. So y1
is the biggest letter of the alphabet Y. Lezicographic order
is then recursively defined on words w € Y* by

e<wforweY"\e
yiu <y;vifi > jorifi=jand u <w.

A nonempty word w is called a Lyndon word if it is strictly
smaller (for lexicographic order) than any of its proper right
factors, i.e. w < v for any factorization w = uv with u # ¢
and v # e. Let Lyndon(Y’) denotes the set of Lyndon words
over Y.
Let

" =Ra (R(Y) \ y1R(Y)). (11)
Hoffman generalized Radford theorem in the following way
([12, 10]). One has

(R(Y), @) = (R[Lyndon(Y)], 1) = (C°[y], ).

THEOREM 1

This means that every polynomial in R(Y), for shuffle prod-
uct, can be decomposed uniquely in a linear combination of
shuffle products of Lyndon words.

2.2 Quasi monomial functions

Let T = {t, | n € Nso} a countable commutative set.
To each word w = ys, ...ys, € Y™, we associate the quasi
monomial function

My= Y -t (12)

ny>-->n;>0

which is a formal series on the letters ¢, € T, with coeffi-
cients in N. For the empty word, we define M. = 1. Thanks
to Gessel works, it is known that the product of quasi mono-
mial functions is a sum of quasi monomial functions. More-
over, we have the following identity between formal series

MM, = Muttlv, (U,’U € Y*) (13)

2.3 Polylogarithms

Let us associate to any word w = ys, - -
arithm Li,, (z) defined for |z| < 1 by

ni

z
_ 14
> )

niy>-->ne>0

-Ys,. the polylog-

Liy(z) =

for r > 0 and by Lic(z) = 1, for the empty word e.

THEOREM 2 ([9]). The functions Li,, forw € Y™, are
C-linearly independent.

In fact, this result can be improved by replacing C by
any algebra of analytic functions defined over C — {0, 1}, for
example C[z,1/z,1/(z—1)], and the proof lies on an explicit
evaluation of the monodromy group of Li,,.

3. HARMONIC SUMS ALGEBRA
3.1 Harmonic sums

DEFINITION 1. Let w = ys; ...Ys, € Y*. Then, for N >
r > 1, the harmonic sum Hy,(N) is defined as

1
Hy(N) = ——
() Z nit...ne"
N>ni>...>n.>0
and Hy(N) = 0 forO<SN<r.

If lw| = 0, we put Ho(N) =1, for any N > 0.

LEMMA 1. Let w = ys; ...Ys, € Y. The sum Hy(N) is
convergent, when N — oo, if and only if s1 > 1.

In this case, this limit is nothing but the polyzta (or MZV
[15]) ¢{(w), and thus, by an Abel’s theorem

Jim Hy (N) = ¢(w) = lim Liw(2). (15)

Then, the word w is said convergent. A polynomial of R(Y")
is said convergent when it is a linear combination of conver-
gent words.

LEMMA 2. For w = ysw’, we have

H,(N) = ZW



COROLLARY 1. For w = ysw’, we have

() = YD g

k>1

Hy(N + 1) — Hy (V)

(N+1)""Hy (N)  (17)

LEmMMA 3 ([10]). For any words u and v, we have

Hy w1 (N) = Hy (V) Hy (N).

PROOF. The harmonic sum H, (N) can be obtained by
specialization of the quasi-mononial function M,, at t; = 1/i
if1<i<Nandt =0ifi> N. By (13), Hy, (V) satisfies
the expected result. []

3.2 Generating series

DEFINITION 2 ([6]). For any word w € Y™, let P, be
the ordinary generating series of {Hw(N)}n>o :

1
1—2z

Poy(z) =Y Hy(N)2", with Pe(z) =

N>0

PROPOSITION 1 ([6]). For any word w € Y™ and for
any complex number z satisfying |z| < 1, one has
Liw(2) = (1 — 2)Pw(2).
PROOF. Since Py (2) =37y H,, (N)z", it is known that
the series expansion of (1 — z)Py(2) is given by
(1= 2)Pu(2) = Hu(0) + Y [Hu(N) — Hy(N — 1)]27.
N>1
But, by (17), for w = y,, w’,
Ho(N) — Hy(N — 1) = N"*'Hy/ (N — 1),
=)
_ Hy(N-1) v .
(1 —2)Pw(2) = Hyw(0) + N2>:1 — N ¢ = Liw(2).

O

DEFINITION 3. The Hadamard product ® is a bilinear
function from C[[z]] X C|[[z]] to C[[2]] defined, for all integers
n and m,by

m Z" if n =m,
z Oz = .
0 if n # m.
Thus, Y07 janz" O >0 (bnz" =307 anbnz".
PROPOSITION 2. For u,v € Y*, one has

Pu(2) © Py(2) = Py o(2).
Proor. By Lemma 3,

> Hu(N)N @ > Hy (V)Y

> Hu(N)H, (N)2N

N>0 N>0 N>0
N
= ZHuujv(N)z .
N>0
O

COROLLARY 2 ([6]). Euztented by linearity, the map
P : u Py is an isomorphism from (R(Y), &) to the
Hadamard algebra of {Pw fwey=.

PRrROOF. Proposition 2 gives P as an algebra morphism
and by Theorem 2, P is the expected isomorphism. []

Thanks to the relations existing between Li, (1 — z) and
Liw(2) [8], we can precise the asymptotic behaviour of Li,,
in the neighbourhood of 1. For example,

Lisan(1—1) = —Tia(t) + log(t) Lis(t) — %log(t)z Lia(t)

1 . 2
£ los(t) Lin(h) + 2¢(2)"
So, we find, by formula (14), the expansion of Liz ;1 1(1 —¢)
and, by dividing it by ¢, we find the one of P2 1,1(1 —¢) :

2 1 1 1
Pr11(1—¢) = 5{(2)25 +5 log®e — 3 log”e + loge

£ loge— Eloe?e s &
1+ B log” e 8log e+ 810g5—|—0(6)
From this, we can also deduce the expansion of the Taylor
coefficients of P(z) (see [4]).

3.3 Algebra +:

DEFINITION 4. The algebra Hr of harmonic sums is de-
fined as the R-vector space Hr = spang(Hw | w € Y™),
equipped with the ordinary product.

From Corollary 2, we deduce then

ProrposiTiON 3. The map H : w — H, s an isomor-
phism from (R{Y), w) to the algebra Hr.

Since Lyndon(Y') generate freely the shuffle algebra then

COROLLARY 3. Any harmonic sum in Hr can be decom-
posed, uniquely, as a polynomial on the series Hy, for | €
Lyndon(Y), i.e. Hr ~ R[H;; ! € Lyndon(Y)].

LEMMA 4. Any ! € Lyndon(Y') is convergent if and only
if | # y1. Any convergent polynomial can be decomposed
uniquely as shuffle of convergent Lyndon words.

PRrOOF. By definition, a Lyndon word [ is strictly smaller
(for lexicographic order) than any of its proper right factors.
So, if | = y1u, with u € Y*, we have y1u < w which is
impossible (remind that y; is the greatest letter of Y'). Thus,
the only Lyndon word beginning by y1 is y1 itself, and our
first statement is proved.

The second one is based on the remark : if y; appears as a
factor (for w ) in the Radford decomposition of w, then this
word begins by yi1. Since a convergent polynomial contains
convergent terms, which do not begin by i, the statement
is proved. [J

PROPOSITION 4. Fvery harmonic sum H, € Hgr can be
decomposed in a unique way in a univariate polynomial in
Hi, with coefficients in the convergent harmonic sums. This
can also be expressed as follows :

Hr =~ H](I){[HlL

where HY is defined as the R-algebra generated by the func-
tions Hy,, for all convergent words w € C°.

ExampLE — The Radford decomposition gives, in Lyndon

basis, y1y4y2 = Y1 W YaY2 — YsY2 — YaY1Y2 — YaY2y1 — Y4ys3.
Thus, Hi,42 = HiH42 —Hs2 —Ha 12 — Ha21 —Hys. O

By Proposition 3, we deduce ker H = {0}. In other words,

PROPOSITION 5. The harmonic sums Hy,, forw € Y™ are
R-linearly independent.



4. ASYMPTOTIC EXPANSIONS

We are going to construct a recursive algorithm to find the
asymptotic expansion of H,,. For that, considering any real
sequence {sn }nen, we will define AS, (sn) as the asymptotic
expansion up to order q of s,, i.e. so that

Sn — ASq(sn) = O(n™17).

4.1 Euler Mac-Laurin formula

Let {Bn}, cy be the set of Bernoulli numbers obtained in
the expansion of the following series

ZB 2" z _ zexp(—=z)
"nl T exp(z) =1 1 —exp(—2)’

n>0
and {Bn(-)}, ¢y the Bernoulli polynomials defined by
z exp(tx) x"
ZEPUL) _NT B (1)
exp(z) — 1 Z ® n!
n>0

We need the second form of Euler-Maclaurin summation [11]
given by, for all integers ¢, M, N with N > M,

S ) = / fayde + LS

n=M

+i (BQ; (f(2] D(N) — f(QJ'*l)(M)) + Ram (18)
j=1

)+f( )

1 N m
where R, = m/ Bamt1(z — [37])f(2 +1)(a:)d:r
I M

LEMMA 5 ([1]). One has

q—1
B By 1 1
Hi(N) = logN +~ 2., Nk+O<Nq)
1
H.(N) = _
(M) = ()~ ropyw
q—1
_ Br ry1 (k-1 1k+0<1>’
k:karJrl r—1) N N4
with r > 2.

Proor. With the function f(x) = ™", the summation
(18) between M =1 and N gives the expected results. []

LEMMA 6. One has, for any integer q > 2,

XN: log(k — 1)
k=2 ke
oo}

=K+

log N Z 1
1- )N’I—1 = (1 —gq)iNa—1+1

oo

) TR
) (g — 1)ZNZ 2Ne 4~ 2iNati

z_: 23;' =

log N > 1
{ D2j-1 Nar27-1 +(q)2j,1zm+
W2 051 . (—1)H(2) — k —2),
Z ( ) Z I N2j+q—1+i ’

where K = 3125 log(k — 1)k ™1

So we deduce the asympotic expansion up to order q + 2,
which will appear to be very useful afterwards :

% log(k—1) K+ log(NV) 1
=k B (I1—gq)Na—1  (¢g—1)2Na-!
n log(N) 1 qB2 log(N)

2N4 | gNe 2 Natl
B 2 —4q—
B2 g 4q — 3 1 10 1
2 2¢2 —2 ) Na+l Na+2
with K = 3,2 log(k — 1)k ¢

PROOF. Let ¢ > 0 f(x) = log(z)(x + 1)79. We use the
Euler-Maclaurin summation (18) from M = 1 to N — 1,
which leads us to calculate each term involved in this sum :

+

M= log(x) _ log(N—1) | log(N—1)
/1 @+ I-—gNi 1 g1

£+ £V = 1) :l%wfn
2 ~ 2Ne¢
21 O (21 (2j—-2—k)!
f( )(x) _ kzg(]k )x(ij—k—l(er)l()qq)-]:k
log(z
- (@2]’—1@%-

where (s), =T'(s+ k)/I'(s) for k € N.
We just need to insert the previous terms in the summation
(18), expand log(N — 1), and make m — oco. [

4.2 Taylor algorithm

By Theorem 1, any w € Y can be expressed as follows,

|w]| L &

w = ch (w) 1= l
k=0

We want to calculate the convergent polynomials cx(w) €
C°. For that, let D : R(Y) — R(Y") be the linear application
defined, for each p € R(Y') and for each word w € Y* by the
duality

(19)

(Dplw) = (ply1w). (20)

In particular, Dw = 0 when w is convergent and D(y1w) =
w for each word w € Y*. We can prove that D is a derivation
for the shuffle product .

In the following sequence, all products and powers will be
carried out with the shuffle product .

PROPOSITION 6. Let w € Y™, a word of length |w|. Then
the polynomials ci(w) are given by

lw]—k

cr(w) = Z M D" (w).

3!
i=0

Since D*w = 0 as soon as k > |w]|, this formula can be
summered as follows :

cr(w) = e VP D (w)

with the convention exp(—y1D) = 3.5, (—y1)"D/il, i.e. by

making D and y1 commute.



PRrROOF. For a polynomial p € R[X] of degree [, the Taylor
expansion is finite, and given by

p(z) = p(y) + Dp(y)(x —y) + - +

So, taking = 0, y = y1, p = D"(w), we find
_ ok k D' !
cr(w) = D¥(w) = D DX (w)yr + -+ + 5 D™ (w)(=y1)".
O
EXAMPLE — Let w = y1yay2. Note that D(w) = yay2 and
so that D*(w) = 0, for k > 2. By using Proposition 6,

3

_ (=)' D’ _
¢ = ; T(ylmm) = Y1YaY2 — Y1 Hyay2
=  TYaY1Y2 — YaY2y1 — Yay3 — Ysy2
2 iy
—Y1 D
a = Z %(yu&) = Yay2
i=0
cyk = 0 fork>2

So we get y1yay2 = Co+C1 WY1 = —Yay1Y2 —YaY2y1 — Yays —
Ysy2 + yay2 = y1. Note that, in this case, Taylor algorithm
gives directly the Radford decomposition. [

4.3 Algorithm for asymptotic expansions

We now are going to use both previous tools (Euler Mac-
Laurin formula and Taylor algorithm) to get an asymptotic
expansion of H,, up to order ¢, in the scale of functions
{N=Plog® N,a € N, 8 € N}. This means that we are look-
ing for a polynomial p € R[X,Y] verifying

H,(N) = p(log N,N~") + O(N~9). (21)

Lemma 2 and Lemma 3 give us the following algorithm.
We use the notation AE4(H, (N)) for the asymptotic ex-
pansion of Hy,,(N) up to order q.
In a first time, we store the table of the asymptotic ex-
pansions, for w € Lyndon(Y’). For this, we proceed by re-
currence on the length of w.

o If w = ys, then AE;(H, (V) = ASq(Hw(N)), an expan-
sion which is already known by Lemma 5, and so can
be stored.

e We assume all expansions for Lyndon words of length
lower or equal to L are stored. We then consider a
Lyndon word of length L+ 1, w = ysu. We know from
Lemma 2 that the expansion of H,, is linked to the one
of H, by

AEq (o (V) = (w) — Asq( > el 1)))

i=N+1
So, there are two possibilities
> If u € Lyndon(Y) then AEq_ .41 (Hy (i — 1)) is as-
sumed to be stored.

> If u ¢ Lyndon(Y), with the Radford decompo-
sition, we write u as finite sum of terms t =
clyw -+ =1l where ¢ € Q,1; € Lyndon, with

AE oy (He(i — 1)) = ¢ [ [ ABq—o1 (Hy, (i — 1)) -

p=1

In a second time, if w ¢ Lyndon(Y’), as before, we use
Radford decomposition and the table of the asymptotic ex-

pansion for the Lyndon words.
EXAMPLE — Let | = yay2 € Lyndon(Y). By Lemma 2,

HioV) = a2 - 3 220D

ButHg(i—l):C(Q)—l_—l,l+0<il3>7so

Hip(N) = ¢(4.2)-¢@) Y l4+z %5

i=N+1 i=N+1
1 1 > 1
+ 32 w5t X O(?)
i=N+1 " i=Nt1 N
Expanding the sums in N, we finally find
3 1¢(2) | 36@)+3
Hao(N) = ¢(4,2) - s N3 T Ne
1 2
3C(2)+ £ 1
3 5
- TN T O(m)-

a

EXAMPLE — Let | = y1yay2 ¢ Lyndon(Y). The Radford
decomposition of [ is given by | = y1 W yay2 —Ysy2 —Yay1Yy2 —
Yay2y1 — Yays. Using our algorithm, we find :

Hi4,2(N)

log(N)¢(4, 2) — ¢(4, 1, 2) +¢(4, 2)
<(57 2) - <(47 27 1) - <(47 3)
1¢(4,2) 1¢4,2)  1¢2)
2 N 12 N2 9 N3

1 1 1
—52¢(2) — 75 + 564 2) 1

24 16 " 120

o +0 (ﬁ)

Thanks to the table giving the relations between MZV up
to weight 16" [7],we have the following identities

32
(42 = (B - 1=’

1D = 2o+ 2¢@)6) - Se@)%)

+

_l’_

(52 = —1160) +50(2)6) + 2D%E)
221 11 7
¢(4,2,1) = —T6€(7) + ?§(2)4(5) + gC(2)QC(3)

¢(4,3) = 17¢(7) — 10¢(2)¢(5),

So, we deduce the reduced form of the previous expansion

32 32
Hiaa(N) = log(N)(C(3)* = 15=¢(2)) = 1557¢(2)°

G - B2I606) — 1%

115 1¢(3)% — ££¢(2)®
MERTRCRS N
_ 1B @7 14

12 N2 9 N3
L 3i6®) — 55 + 15¢B)° — 15¢@)°

N4

+

) °(w)

!This table is in agreement with the Zagier’s dimension con-
jecture [15] and is available at
http://www.lifl.fr/"petitot/publis/MZV.




4.4 More examples

—In(N)—-1—
Hz.1(N) ¢(3) + %
n s In(N)+ 59+ 5
N2
+ (—6’7—%—6111(N)>ﬁ+0<m>
—imm(N)—-1_-1
Hs (N) = ¢(3,1)+ —2 (])\]24 57
L o2+
N3
L 7 1 1 In(N)
* <_47_48_41“(N)) 4+0<N5
1.2 1
-1-1724+3¢(2
Ho1a(N) = ¢(2,1,1)+ NN 36(2)
n —In(N)y—v— % In*(N) —In(N)
N
L am@) =g+ g W) + 3 In(N)y
N2
1 1 1.2
162+ v+ 17 5
4 1 1 i
+ N2 361n(N)
29 5 1 1 )
T 216 367 " VYT )
1 1 5\ 1 1 1
+ 5@ -5 F+<12 -5
! 1 In’ ()
b ) s +o ()
1 1 1
—s2v—zIn(N) -3
Hit(N) = ¢(4,1)+ 3 3N3 9
7tz m(N)+5
N4
3 1 1 1 1
+ (-m -3 3 ) 55 +0(3%)
1¢(2) , 3¢2) +3
H32(N) = C(?,’Q)_5 e 42 = 3
1 3
—1¢(2)—§ 1
+ 4 N 810 =
1 5 1
Hypa(N) = B LD+ ( =7 (In(N)" = 7 In(N)
- g g+ 3¢@)
1 5\ 1 1
- 17>7+<_14(2)+gv
1, 1 1 . 1
+ 17 9+4 (In(N)) +6 In(N)
L L In?(N)
+ 51n(N)v)ﬁ+O< Ni )

Hz2,1(N)

Hs,1 (V)

Ha2(N)

Ha,1,1(N)

Hz2,1(N)

1
2

¢(2,1)

= ((2,2,1) - >~

N
Y+3¢(2 1)+ 3 In(N) + 3

_ oyl i

—+

4(4’1’1”(6((2)_6

27 3 97 "%
In*(N)
o( 14 )

N2

1 5 1
(2’1’1’1)+<_67 —§<(3)

4(2)v+%<(2)1n(1v)+%<(2)

(In(N))* =1 = In(N)

=
=]

\
+

(N))?y =In(N)y =7 — % In(N)y>
1 1 3 1 5
(*14(2)7+57 +357

2) 1
)%
C(Z)Jrll—2 In(N)* = L (n)— =

3 16

1 1
In(N)*y + 3 In(N)y = 2

¢(2)In(N) + i ln(N)fy2 + é 1n(N)2
4(3))%+o (1“]\%")>

—iy-1mN) - &
¢(5.1) + 27 4N4() i

3 In(N) + 37 +1/10 In(N)
2 Ni +O( NG )

it3¢(2)

D BRI, AR~ N~ N~~~ Y

3 N3 N4
—2/5—1/3¢ (2 1
“ESUBCE) o (L)

! 1

1 1 1
s In(N)y — 57— 772> —




3¢(2) + 3
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